Abstract.-From the point of view of the duality between points and horocycles in a symmetric space, the counterparts to the spherical functions on the symmetric space are the conical distributions on the manifold of horocycles. While the conical functions are closely related to certain finite-dimensional representations of semisimple Lie groups, in the present work the conical distributions are found to play various roles in the principal series of infinitedimensional representations of these groups.
1. Introduction.-The manifold of horocycles in a symmetric space carries a certain class of distributions introduced in an earlier paper' under the name conical distributions. In section 3 we indicate how analytic continuation techniques can be used to determine these distributions. The result is applied to give a complete solution (Theorem 4.6) of the problem of constructing the intertwining operators to irreducible equivalent representations from the spherical principal series of a semisimple Lie group2 G.
The conical distributions obtained also provide an analytic approach to the irreducibility question for the spherical principal series whereby irreducibility is expressed directly by means of Harish-Chandra's c-function. For complex G a criterion was obtained by Parthasarathy, Rao, and Varadarajan;3 by an extension of their purely algebraic method, Kostant4 obtained an irreducibility criterion for all real G, although in a form quite different from that of Corollary 4.3.
Finally, when the spherical principal series is realized on appropriate distribution spaces (over the space of horocycles), the conical distributions provide the highest weight vectors (cf. Corollary 4.4).
The results show that both the numerator and the denominator of the c-function have their individual significance (cf. Theorem 3.2 and Corollary 4.3).
2. Notation.-If M is a manifold, following the book of Schwartz,5 we denote by 8(M) the set of C-functions on M and by D(M) the set of C-functions on M of compact support, both spaces taken with their usual topologies. The dual 53'(M) (resp. 8'(M)) consists of all distributions on M (resp. distributions on M of compact support). Both spaces will be taken with the strong topology.
Let G be a connected semisimple Lie group with finite center, G = KAN an Iwasawa decomposition of G where K is compact, A abelian, and N nilpotent. Let M be the centralizer of A in K, 0 the Cartan involution of G which is identity on K, put JN = ON and let g, f, a, n, m, and n-denote the respective Lie algebras of the groups above. Let log denote the inverse of the map exp: a -0 A. Let M' denote the normalizer of A in K, W the Weyl group M'/M, and B the coset space K/M. Let a* denote the dual space of a, 2 c a* the set of restricted 643 roots; if a e 1, let g.1 denote the corresponding root space and put ma = dim 9a. Let 2;+ denote the set of positive restricted roots such that n= weV + Let Io+ = {a e + '/2a f 2} and let 2-and Io-denote the set of negatives of the elements of 2+ and 2o+, respectively. Let a,* denote the complex dual of a and (, ) the bilinear form on g and a,* induced by the Killing form of g.
3. Conical Distributions.-Consider now the symmetric space X = G/K and the space6 : = G/MN of all horocycles in X. A distribution on Z is called conical if (1) it is MN-invariant and (2) N.' = N n mNvm'-, the mapping (n,', a) n/a-t, is a diffeomorphism of N8' X A onto 4s, giving 2, a natural measure dv. Given t e 4 there exists a unique a(t) e A such that t e MNa(t) -i,; for X e a,* we consider the functional V X --. Ax0(0~e(isX+sp)(log a (6) The following lemma plays a crucial role in the proof of Theorem 3.2. If g e G, let H(g) e a, k(g) e K be determined by g = k(g) exp H(g)n (n e N), and write m* for m,*. If g e NMAN, let #A(g) e N be determined by g = ft(g)man (m e M, a e A, n eN). The constant c is given by c-' = 4(ma + 4m2a,.).
Remark: The first formula provides a simplified way of computing HarishChandra's c-function c(X) = fij-e (i+p)(H(I))d in the rank-one case.9 It also gives an explicit formula for the Poisson kernel P(gK, kM) = e-2plH(g-1k)) because P(aK, k(ft)M) = e2p(loga) e2p(H (A)fH(a-l1a) 63, 1969 representations Tx as the spherical principal series. Let 1'o denote the "unique" vector in C;, fixed under K. Let f --f denote the Radon transform on X and 'I -+ 'its dual given by +(f) = +(f) (f e D(X), e VD'(¢)). We define A irreducible if TX is irreducible; X cyclic if ,6o is a cyclic vector for r,;
X simple if I -is injective on i,.
LEMMA 4.1. Let X e a,* be arbitrary. Then (i) X is cyclic (=) -X is simple; (ii) X is irreducible (=) X and -X are simple. LEMMA 4.2. For each X e a,* and each s e W, (1X,J) is a function on X and (Ix,,)'(naK) = ce (X)e(iSx+ p)(log a) n e N, a e A, (3) where c is a constant.
On the basis of this relation, we find that Xis not simple if es*(X) = 0. It also implies that if e8*(X) # 0 and X not simple, then for each s W. sA is not simple. Now Kostant has proved4 that X is cyclic if Re((iX, a)) < 0 for a E E+
Hence we deduce from Lemma 4.1 that X is simple if and only if e8*(X) 5 0,
and we deduce COROLLARY 4.3. X is irreducible if and only if e8*(X)e8*(-X) $ 0. Remark: The "if" part required (4), which follows from Lemma 4.1 (i) except for the justification of certain interchange of limit and integration. This justification has only been carried out for the strict inequality in (4) and also for rank (X) = 1, so the reasoning indicated above does not constitute an independent proof of the irreducibility criterion. 
where X denotes convolution11 on S. Note added in proof: Since the completion of this paper, G. Schiffman has kindly sent me a copy of his thesis. It contains a statement of Lemma 3.4, the last part of Theorem 4.6, and several other results on intertwining operators. * This work was supported in part by the National Science Foundation (NSF GP 9003). 1 Helgason, S., "Radon-Fourier transforms on symmetric spaces and related group representations," Bull. Am. Math. Soc., 71, 757-763 (1965) .
2 For complex G the problem is settled by R. A. Kunze and E. M. Stein ("Uniformly bounded representations, III," Am. J. Math. 89, 385-442 (1967) ), and G. Schiffmann ("Intdgrales d'entrelacement," Compt. Rend., 266, 47-49 (1968) ). Schiffmann also treats the case of G which split over R and for general G reduces the problem to the rank-one case which, however, is left open; see also Gelfand, I. M., M. I. Graev, and I. I. Pyatetskii-Shapiro, Representation Theory and Automorphic Functions (Philadelphia: W. B. Saunders Co., 1969), p. 377. 3Parthasarthy, K. R., R. Ranga Rao, and V. S. Varadarajan, "Representations of complex semisimple Lie groups and Lie algebras," Ann. Math., 85, 383-429 (1967) .
